We introduce and study trace fields and invariant trace fields of SL 2 (C) and PSL 2 (C) representations of 3-manifold groups. We give conditions on such fields which imply that the underlying 3-manifold is virtually Haken or has virtually positive or 1 first Betti number. In particular, we define the notion of an algebraically trace-proper surface subgroup in a 3-manifold group, and show that any closed orientable irreducible 3-manifold with such a surface subgroup is virtually Haken. We give infinitely many families of closed orientable hyperbolic non-Haken 3-manifolds with algebraically trace-proper surface subgroups.
Introduction
In this paper a 3-manifold is always assumed to be connected and orientable, without loss of generality for the problems to be considered. A 3-manifold is said to be Haken if it is compact, irreducible, and contains a properly embedded incompressible surface. A 3-manifold is said to be virtually Haken if it has a finite cover which is Haken. The well-known virtually Haken conjecture states that every closed and irreducible 3-manifold with infinite fundamental group is virtually Haken. It is also conjectured that every closed Haken 3-manifold has virtually positive first Betti number, that is, the manifold has a finite cover which has positive first Betti number. If M is a closed hyperbolic Haken 3-manifold, then it is further conjectured that M has virtually 1 first Betti number, which means that for any positive integer n, there is a finite cover M n of M such that the first Betti number of M n is larger than n. These conjectures are fundamental and difficult issues in 3-manifold topology. In this paper we provide some information about these conjectures by studying traces of representations of 3-manifold groups into SL 2 ðCÞ or PSL 2 ðCÞ:
For a group G and a representation r : G ! SL 2 ðCÞ; we define the trace field K r of r to be the field generated by the traces of all the matrices r (g), g [ G; over the base field Q of rational numbers, that is,
Recall that the character x r of r is the complex-valued function x r : G ! C defined by x r ðgÞ ¼ trðr ðgÞÞ for g [ G: Hence if two SL 2 (C)-representations r 1 , r 2 of G have the same character, in particular if they are conjugate to each other, then K r 1 ¼ K r 2 :
As in [17] , for any group G we use G (2) to denote the subgroup of G generated by {g 2 ; g [ G}: If G is finitely generated, then G (2) is a finitely generated finite-index normal subgroup of G. For a representation r : G ! SL 2 ðCÞ; we use r (2) to denote the restriction representation of r on the subgroup G (2) . We also use K ð2Þ r to denote the trace field of r (2) , thus K ð2Þ r ¼ K r ð2Þ : We call K ð2Þ r the invariant trace field of r.
Recall that a representation r : G ! SL 2 ðCÞ is called reducible if r ðGÞ; as a subgroup of SL 2 ðCÞ acting on the complex vector space C 2 in the standard way, has an invariant 1-dimensional subspace, and called irreducible otherwise. A representation r : G ! SL 2 ðCÞ is called virtually reducible if there is a finite index subgroup G 1 of G such that the restriction of r on G 1 is a reducible representation, and called non-virtually reducible otherwise. Note that if M is a hyperbolic 3-manifold of finite volume and if r is a discrete faithful representation of p 1 ðMÞ into SL 2 ðCÞ then r is non-virtually reducible.
We say that a 3-manifold M has a surface subgroup if p 1 ðMÞ contains a subgroup which is isomorphic to the fundamental group of a closed connected orientable surface of genus at least one. We call a surface subgroup L of p 1 ðMÞ algebraically trace-proper if p 1 ðMÞ has a non-virtually reducible representation r such that K rjL is a proper subfield of K ð2Þ r ; where rj L denotes the restriction of r on the subgroup L. Note that this notion is well associated to the conjugacy class of r and to the conjugacy class of the subgroup L in p 1 ðMÞ: The following theorem is the main result of this paper. If a closed hyperbolic 3-manifold M contains an embedded closed totally geodesic surface S, then some finite cover of M satisfies the conditions of (1) or (2) of Theorem 1.3. In fact, we may assume that S is orientable (otherwise replace it by its orientable double cover). By passing to a double cover of M, we may further assume that S is not the boundary of a twisted I-bundle in M. Let L be the surface subgroup corresponding to S, and let r be a discrete faithful representation of p 1 ðMÞ into SL 2 ðCÞ: Then K rjL is a proper subfield of the number field K r . If S separates M into M 1 and M 2 , then each M i is not an I-bundle. Since M i has totally geodesic boundary and is not an I-bundle, a similar discussion as that following Theorem 1.1 shows that the character of rj More generally we may consider the trace fields and invariant trace fields of PSL 2 ðCÞ-representations. For a subgroup G of SL 2 ðCÞ; we define its trace field to be the field over Q generated by the traces of all the elements in G. Let F : SL 2 ðCÞ ! PSL 2 ðCÞ be the canonical quotient homomorphism. For a group G and a representationr : G ! PSL 2 ðCÞ; we define the trace field Kr ofr to be the trace field of the subgroup F 21 ðrðGÞÞ of SL 2 ðCÞ: Similarly, we usê r ð2Þ to denote the restriction ofr to the subgroup G (2) of G, and define the invariant trace ofr to be the trace field ofr ð2Þ : A representationr : G ! PSL 2 ðCÞ is called reducible if F 21 ðrðGÞÞ; as a subgroup of SL 2 ðCÞ; is reducible, and called irreducible otherwise. The representationr is virtually reducible if there is a finite-index subgroup G 1 of G such that the restriction ofr on G 1 is a reducible representation. It is easy to see that if r : G ! SL 2 ðCÞ is an SL 2 ðCÞ-representation andr ¼ F + r is the corresponding PSL 2 ðCÞ-representation, then K r ¼ Kr and K r ð2Þ ¼ Kr ð2Þ (although r (G) and F 21 ðrðGÞÞ might not be equal to each other), and r is reducible or virtually reducible if and only ifr is respectively. We shall also call a surface subgroup L of a 3-manifold group p 1 (M) algebraically trace-proper if p 1 (M) has a non-virtually reducible PSL 2 (C)-representationr such that Kr j L is a proper subfield of Kr ð2Þ : Theorem 1.5 Each of Theorem 1:1 and Theorem 1.3 still holds if the SL 2 ðCÞ-representation involved is replaced by a PSL 2 ðCÞ-representation with the corresponding property.
trace fields of representations
The above theorems will be proved in section 2. Walter Neumann suggested an approach for constructing hyperbolic 3-manifolds with algebraically trace-proper but not necessarily totally geodesic surface subgroups and a similar method was suggested by Darren Long. The 3-manifolds they constructed are already Haken manifolds. In final section, we shall construct infinitely many families of non-Haken hyperbolic 3-manifolds with algebraically traceproper surface subgroups using a different method. We show there the following result. Theorem 1.6 Let K be any ð p, q, rÞ-pretzel knot in S 3 with p . 0 and q . 0 odd, r . 0 even, gcdð p; qÞ ¼ d . 1: Then infinitely many surgeries on K produce hyperbolic non-Haken 3-manifolds with algebraically trace-proper surface subgroups.
We do not know whether any of the non-Haken 3-manifolds given in Theorem 1.6 contains closed immersed totally geodesic surfaces.
It seems a strong condition on a 3-manifold to ask for it to have an algebraically trace-proper surface subgroup. It is not clear how big the class of irreducible 3-manifolds with algebraically trace-proper surface subgroups is. This class of 3-manifolds is probably much larger than the class of hyperbolic 3-manifolds with immersed totally geodesic surfaces, given the belief that every number field can be realized as the trace field of a hyperbolic 3-manifold, plus the freedom that in the definition of an algebraically trace-proper surface subgroup, the representation is not necessarily required to be discrete and faithful. It is not totally unreasonable to conjecture that every closed irreducible 3-manifold M with infinite fundamental group virtually has algebraically trace-proper surface subgroups, that is, M has a finite cover which has algebraically trace-proper surface subgroups. Of course this conjecture is stronger than the virtually Haken conjecture.
2. Proofs of Theorems 1.1, 1.3 and 1.5
From now on, G denotes a finitely generated group. We use R(G) to denote the set of all representations of G into SL 2 ðCÞ; and X(G) the corresponding set of characters. If M is a path connected space with finitely generated fundamental group, we also use R(M) and X(M) to denote R(p 1 (M)) and X(p 1 (M)) respectively. Both R(G) and X(G) are complex affine algebraic sets, often called the SL 2 (C) representation variety and character variety of G respectively.
For any compact 3-manifold M, if for some r [ RðMÞ; the trace field K r is not a number field, then by the Hilbert Nullstellensatz, X(M) must be positive dimensional as an algebraic set, and thus in such a case M contains a properly embedded essential surface by [5] . Therefore when M is an irreducible non-Haken 3-manifold, K r is always a number field for any representation r [ RðMÞ:
When M is a hyperbolic 3-manifold of finite volume, its fundamental group p 1 ðMÞ has a discrete faithful representation h into PSL 2 ðCÞ: It is known that the PSL 2 ðCÞ-representation h can be lifted to a SL 2 ðCÞ-representation r [21] . An argument in [14] shows that h has precisely, up to conjugation, jH 1 ðM; Z 2 Þj such lifts. As any two such lifts of h differ only by multiplying by an element of H 1 ðM; Z 2 Þ the trace field K r is uniquely associated to the conjugacy class of h. 
where all sums are finite. Note that if M is a hyperbolic 3-manifold of finite volume and if r [ RðMÞ is a discrete faithful representation, then K ð2Þ r is the usual invariant trace field K ð2Þ M of M defined in [17] . It is well associated to M up to taking the complex conjugation. It is proved in [17] If r : G ! SL 2 ðJÞ is a group representation, then s * +r is also a representation of G into SL 2 ðJÞ: In general, s * +r may not be conjugate to r.
We are now ready to prove Theorem 1.1. Set G ¼ p 1 ðMÞ and let L , G be a surface subgroup which is algebraically trace-proper with respect to a non-virtually reducible representation r [ RðMÞ; that is, if we set F ¼ K pj L ; then F is a proper subfield of K ð2Þ r : By the note given in the second paragraph of this section, we may assume that K r is a number field. By Lemma 2.5, we have a finite-degree field extension L of K r such that r (G) can be conjugated into SL 2 ðLÞ: Since K r (as well as each of K ð2Þ r and F) is invariant under replacing r by a conjugate of r, we may assume that r (G) is already contained in SL 2 ðLÞ for the given r.
By Lemma 2.7, we only need to show that L is contained in infinitely many distinct finite index subgroups of G. It is equivalent to show that if G has a finite-index proper subgroup G j which contains L, then G j itself has a finite-index proper subgroup G jþ1 which contains L.
By Proposition 2.4, if r j is the restriction of r on the finite-index subgroup G j of G, then K ð2Þ r j ¼ K ð2Þ r : Thus K r j is not contained in the field F. So there is an element g * of G j such that trðr ðg * ÞÞ is not contained in F. It is now enough to show that there is a homomorphism h of G j into a finite group such that hðg * Þ is not contained in h(L). For G jþ1 ¼ h 21 ðhðLÞÞ will be a finite index proper subgroup of G j containing L.
To find such a homomorphism h, we extend an idea used in [11] . Let J be the Galois closure of L as a number field, that is, J is the minimal normal extension of Q containing L. Since trðr ðg * ÞÞ is not in F, there is an element s of the Galois group G ¼ AutðJ=FÞ such that sðtrðr ðg * ÞÞÞ 2 trðr ðg * ÞÞ -0: Suppose that G j is generated by elements g 1 ,…,g n . Then r ðG j Þ is generated by r ðg 1 Þ; …; r ðg n Þ: Let R be the subring of J generated by all the entries of r ðg 1 Þ; …; r ðg n Þ; and all the images of these entries under the map s, together with the identity element 1. Then R is a finitely generated integral domain with 1, and both r ðG j Þ and s * ðr ðG j ÞÞ are contained in SL 2 ðRÞ: For such R the intersection of all the maximal ideals is the zero element and the quotient of R by any maximal ideal is a finite field (see, for example, [22, 4.1] ). Now since sðtrðr ðg * ÞÞÞ 2 trðr ðg * ÞÞ -0; there is a maximal ideal I of R which does not contain the element sðtrðr ðg * ÞÞÞ 2 trðr ðg * ÞÞ: Let f : SL 2 ðRÞ ! SL 2 ðR=IÞ be the canonical projection homomorphism and let c : SL 2 ðRÞ ! SL 2 ðR=IÞ £ SL 2 ðR=IÞ be the map defined by sending a matrix D of SL 2 ðRÞ to ðfðDÞ; fðs * ðDÞÞÞ: Then c is a well-defined group homomorphism. The composition h ¼ c +r is the required homomorphism from G j to the finite group SL 2 ðR=IÞ £ SL 2 ðR=IÞ: In fact, for any element d of L, h(d) is a pair of matrices with the same trace (since s fixes F pointwise), while h(g * ) is a pair of matrices with distinct traces. The proof of Theorem 1.1 is now complete. Now we prove part (1) of Theorem 1.
is a free product with amalgamation. We apply the following lemma from [12] . Recall that a group G is said to have virtually free quotient if G has a finite-index subgroup which has a homomorphism onto a non-abelian free group. Note that virtually free quotient implies virtually 1 first Betti number.
(b) If, in addition to (a), the index of qðLÞ in qðV i Þ is larger than 2 for at least one of i ¼ 1; 2; then G has virtually free quotient.
So to prove the first assertion of part (1) of Theorem 1.3, we only need to provide a finite quotient of G satisfying the conditions of part (a) of Lemma 2.8. As K rjL is a proper subfield of K rjV i ; there is an element g i [ V i ; for each i ¼ 1; 2; such that trðr ðg i ÞÞ is not contained in K rjL :
The proof of 1.1 implies that has a finite-index subgroup
is a finite-index subgroup of G which contains L but contains neither g 1 nor g 2 . Let G 4 be the intersection of all the conjugates of G 3 in G. Then G 4 is a finiteindex normal subgroup of G and q : G ! G=G 4 is the finite quotient sought as qðLÞ -qðV i Þ because qðLÞ , qðG 3 Þ but qðg i Þ Ó qðG 3 Þ; for each i ¼ 1; 2:
Similarly to prove the second assertion of part (1) of Theorem 1.3 we use the additional hypothesis to find a finite quotient of G as described in part (b) of Lemma 2.8. By that hypothesis there is g i [ V i such that trðg 2 i Þ is not contained in K rjL for at least one of i ¼ 1; 2; say i ¼ 1 (applying Lemma 2.3). Again we can find a finite index subgroup G 1 of G which contains L but does not contain g 
Non-Haken 3-manifolds with algebraically trace-proper surfaces
In this section we construct many closed orientable hyperbolic non-Haken 3-manifolds with algebraically trace-proper surface subgroups.
Let M be a hyperbolic knot manifold, that is, M is a compact 3-manifold whose boundary is a torus and whose interior admits a complete hyperbolic metric of finite volume. We use M(a) to denote the Dehn filling of M with slope a and use Dða; bÞ to denote the distance between two slopes a and b on ›M:
Let ðF; ›FÞ , ðM; ›MÞ be a connected compact orientable properly embedded incompressible and ›-incompressible surface with non-empty boundary such that F separates M. Let b be the number of components of ›F and g the genus of F. Since F separates M, b is even. Let b 1 ; … ; b b be the boundary components of F indexed so that they appear successively on ›M, and let b be the slope represented by each b i . Let X 1 and X 2 be the two components into which F separates M.
Let S k be the closed immersed surface in M constructed from F by Freedman -Freedman tubing; that is, connecting each pair {b 2i21 ; b 2i } of boundary components of F by an immersed annulus A i,k which winds around ›M (within a regular neighbourhood of ›M) k times, starting at the X 1 -side. See Fig. 1 for an illustration when b ¼ 2 and k ¼ 3: It is shown in [4] that S k is an incompressible closed surface in M and remains incompressible in M(a) if k is sufficiently large and if the distance Dða; bÞ between the slopes a and b is sufficiently large. Explicit lower bounds for k and for Dða; bÞ are given in [10] . It is shown in [10] that if k $ PðFÞ þ 1; then S k is p 1 -injective in M, where PðFÞ ¼ 6g þ 4b 2 6; and that if k $ ð3PðFÞ þ 1Þ=2 and Dða; bÞ $15PðFÞ þ 3; then S k remains p 1 -injective in M(a). A better estimate for P(F) is independently obtained in [2] , which is 4g þ 3b 2 3. (That is, [10 Let j be a primitive nth root of unity, where n . 2: It is well known that the extension degree of the field QðjÞ over Q is equal to w(n), where w is the Euler function, and the degree of the field Qðj þ j 21 Þ is w ðnÞ=2: For simplicity, we just take a special case of this as given in the following lemma. Note that if p is a prime factor of n, then wðnÞ $ wð pÞ ¼ p 2 1: Lemma 3.2 Let j be a primitive nth root of unity such that n contains a prime factor p . 2. Then ½Qðj Þ; Q $ p 2 1 and ½Qðj þ j 21 Þ; Q $ ð p 2 1Þ=2:
Let G be a triangle group with the presentation G ¼ kx; y; x m ¼ y n ¼ ðxyÞ
; the triangle group is hyperbolic, it is thus orbifold fundamental group of the hyperbolic 2-orbifold which is a 2-sphere with three cone points of indices m, n, k. It is well known that any triangle group can be embedded in PSL 2 ðCÞ as a discrete subgroup. So we may and will consider G as a discrete subgroup of PSL 2 ðCÞ: If G is hyperbolic, then it is a non-virtually reducible subgroup of PSL 2 ðCÞ:
Suppose G is a group with a representationr : G ! PSL 2 ðCÞ whose image is a hyperbolic triangle group G with a presentation as given above. Thenr is non-virtually reducible. The trace field ofr is generated by the traces of three fixed elements in SL 2 ðCÞ with orders 2m, 2n and 2k respectively. The trace of a matrix in SL 2 ðCÞ of order 2k is j þ j 21 ; where j is a 2kth root of unity. Hence, by Lemma 3.2, if k is a prime number larger than 4 then ½Kr : Q $ 1 2 ðk 2 1Þ . 1: Let K be a ð p; q; rÞ pretzel knot in S 3 , where p, q, r are all positive integers larger than one such that r is an even integer, p and q are odd integers with their greatest common divisor d ¼ gcdðp; qÞ $ 3: By [16] , K is a small knot, that is, its exterior M in S 3 does not contain closed orientable incompressible non-boundary parallel surfaces. Hence by [7] all but finitely many Dehn surgeries on K produce non-Haken 3-manifolds. By [21] all but finitely many surgeries on K produce hyperbolic manifolds. By [8] (or by [6, Lemma 2.1] since K is an alternating knot), the natural spanning surface (see Fig. 2(a) for an illustration) is a p 1 -injective incompressible non-orientable surface (a punctured Klein bottle) in M with boundary slope 2( p þ q) (with respect to the standard meridian-longitude basis of K). The orientable double cover of this spanning surface in M is an incompressible twice punctured torus. In fact, K embeds in the boundary surface of a standard genus-two handlebody H 1 in S 3 such that F ¼ ›H\ NðKÞ is the incompressible twice punctured torus. Let H 2 be the other genus-two handlebody separated by ›H 1 in S 3 . The knot exterior M is equal to X 1 < F X 2 ; where each X i is a genus-two handlebody. Note that X 1 is a regular neighbourhood of the spanning surface of K mentioned above. (Fig. 2 illustrates the situation for the (3, 3, 2) -pretzel knot.) Let b 1 and b 2 be the two boundary components of F. Fix a point x 0 in b 1 as a base point for all the fundamental groups we shall be considering. Note that K is a hyperbolic knot since K is small and since any torus knot cannot have an embedded incompressible twice punctured torus in its exterior.
It is proved in [19] Fig. 2(b) ,
